Space Noncommutativity Corrections to the Cardy-Verlinde Formula by Setare, M R
ar
X
iv
:g
r-q
c/
06
04
11
9v
1 
 2
7 
A
pr
 2
00
6
Space Noncommutativity Corrections to the
Cardy-Verlinde Formula
M.R. Setare ∗
Physics Dept. Inst. for Studies in Theo. Physics and Mathematics(IPM)
P. O. Box 19395-5531, Tehran, IRAN
Abstract
In this letter we compute the corrections to the Cardy-Verlinde formula of
Schwarzschild black holes. These corrections stem from the space noncommuta-
tivity. Because the Schwarzschild black holes are non rotating, to the first order of
perturbative calculations, there is no any effect on the properties of black hole due
to the noncommutativity of space.
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1 Introduction
The Cardy-Verlinde formula proposed by Verlinde [1], relates the entropy of a certain
CFT with its total energy and its Casimir energy in arbitrary dimensions. Using the
AdSd/CFTd−1 [2] and dSd/CFTd−1 correspondences [3] , this formula has been shown to
hold exactly for different black holes (see for example [4]-[13]).
Black hole thermodynamic quantities depend on the Hawking temperature via the usual
thermodynamic relations. The Hawking temperature undergoes corrections from many
sources:the quantum corrections [14], the self-gravitational corrections [15], and the cor-
rections due to the generalized uncertainty principle[16].
In this letter we concentrate on the corrections due to the space non commutativity. Re-
cently there has been considerable interest in the possible effects of the non commutative
space [17]. In [18] the author have argued that every consideration on space time mea-
surement that allows gravitational effects asks for non-commutative space time.
By considering a black hole as quantum state instead of a classical object [19] and accord-
ing to quantum mechanics principle, one can conclude its energy and its corresponding
conjugate time can not be simultaneously measured exactly. The energy of states should
approximately be the hole’s gravitational energies measured at the region of the horizon.
In other hand the gravitational energies are quasilocal, in the Schwarzschild black hole
case, this quasilocal energy is proportional to the radius of event horizon. Therefore the
uncertainty relation between energy and time in the event horizon region lead that the
radial coordinate is noncommutative with time at the horizon.
In section 2 we drive the corrections to the thermodynamic quantities due to the space
noncommutativity. In section 3 we consider the generalized Cardy-Verlinde formula of a
4−dimensional Schwarzschild black hole[20, 21], then we obtain the space noncommuta-
tivity corrections to this entropy formula.
2 Schwarzschild black hole in noncommutative space
A 4−dimensional Schwarzschild black hole of mass M is described by the metric
ds2 = −(1 − 2M
r
)dt2 + (1− 2M
r
)−1dr2 + r2(dθ2 + sin2 θdϕ2) (1)
Considering the black hole as quantum state, the energy of quantum state is the quasi-
local energy at the horizon [22]. According to the definition given by Brown and York
[23] the quasi-local energy is as
EQL =
1
8πG
∮
Σ
d2x
√
σ(K −K0) (2)
where Σ is the two dimension spherical surface, σ is the determinant of the 2−metric on
Σ, K is the trace of the extrinsic curvature of Σ, and K0 is a reference term that is used to
normalize the energy with respect to a reference spacetime. In the Schwarzschild metric
case we have
Kθθ = K
ϕ
ϕ = −
r − 2M
r2
(3)
By considering K0 as following
K0 =
−1
r
(4)
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We obtain
EQL(r →∞) = r
G
(1− 1 + 2M
r
) =
2M
G
(5)
also as the horizon r = rH = 2M we have
E(rH) =
rH
G
(6)
The quantum state energy E and its conjugate time t can not be simultaneously measured
exactly [19, 22]. By considering E and t as operators, we have
[t, E] = i. (7)
Using Eq.(6) we can write
[t, r]|r = rH = il2p. (8)
where lp =
√
G. Due to quantum measurement effects, rH spread into a range of (rH −
∆r, rH +∆r). Therefore we can write
[t, r]|r∈(rH−∆r,rH+∆r) = il2p, (9)
where ∆r is a distance about Planck length scale, Eq.(9) is the spacetime noncommutative
relation. We rewrite Eq.(9) as following
[xi, xj ] = iθij , (i, j = 0, 1), (x0 = t, x1 = x), [xk, xµ] = 0 (k = 2, 3;µ = 0, 1, 2, 3) (10)
For noncommutative black hole, one can use the usual definition for the metric
ds2 = −f(r˜)dt2 + f(r˜)−1dr2 + r2(dθ2 + sin2 θdϕ2) (11)
where r˜ satisfies following Poisson brackets
{x˜i, x˜j} = θij , {x˜i, p˜j} = δij , {p˜i, p˜j} = 0. (12)
However, one should be aware that there is no modified Einstein equation in this case[24].
Since the noncommutativity parameter should very small compared to the length scales
of the black hole, one can treat the noncommutative effects as some perturbations of the
commutative counter-part, f(r˜) in terms of the noncommutative coordinates x˜i is as
f(r˜) = 1− 2M√
x˜ix˜i
(13)
We note that there is a new coordinate system [25]
xi = x˜i +
1
2
θij p˜j , pj = p˜j , (14)
where the new variables satisfy the usual Poisson brackets
{xi, xj} = 0, {xi, pj} = δij, {pi, pj} = 0. (15)
Using the new coordinates, we have
f(r) = 1− 2M√
(xi − θijpj2 )(xi − θikpk2 )
(16)
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where θij = 1/2εijkθk. The equation
f(rH) = 0, (17)
where rH is the modified horizon, leads us to
f(rH) = 1− 2M√
r2H − ~L.~θ4 + P
2θ2−(~P .~θ)2
16
= 0 (18)
where Lk = εijkxipj, p
2 = ~p.~p and θ2 = ~θ.~θ. The Schwarzschild black hole is non-rotating,
therefore ~L = 0, in this case the new horizon is given by
rH = [4M
2 +
P 2θ2 − (~P .~θ)2
16
]1/2 (19)
The modified Hawking-Bekenstein temperature and the horizon area of Schwarzschild
black hole in noncommutative space to second order of θ are as following respectively
TBH =
M
2πr2H
=
M
2πr20
[1− P
2θ2 − (~P .~θ)2
64M2
] = T0[1− P
2θ2 − (~P .~θ)2
64M2
] (20)
A = 4πr2H = 4πr
2
0[1 +
P 2θ2 − (~P .~θ)2
64M2
] = A0[1 +
P 2θ2 − (~P .~θ)2
64M2
] (21)
where T0 =
M
2πr2
0
, A0 = 4πr
2
0 are Hawking-Bekenstein temperature and the horizon area
in the commutative space. The corrected entropy due to noncommutativity of space is as
S =
A
4
=
A0
4
[1 +
P 2θ2 − (~P .~θ)2
64M2
] = S0[1 +
P 2θ2 − (~P .~θ)2
64M2
] (22)
3 Space noncommutativity corrections to the Cardy-
Verlinde formula
The entropy of a (1+1)−dimensional CFT is given by the well-known Cardy formula [26]
S = 2π
√
c
6
(L0 − c
24
), (23)
where L0 represent the product ER of the energy and radius, and the shift of
c
24
is caused
by the Casimir effect. After making the appropriate identifications for L0 and c, the same
Cardy formula is also valid for CFT in arbitrary spacetime dimensions d− 1 in the form
[1]
SCFT =
2πR
d− 2
√
Ec(2E −Ec), (24)
the so called Cardy-Verlinde formula, where R is the radius of the system, E is the total
energy and Ec is the Casimir energy, defined as
Ec = (d− 1)E − (d− 2)TS. (25)
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So far, mostly asymptotically AdS and dS black hole solutions have been considered [2]-
[13]. In [20], it is shown that even the Schwarzschild and Kerr black hole solutions, which
are asymptotically flat, satisfy the modification of the Cardy-Verlinde formula
SCFT =
2πR
d− 2
√
2EEc. (26)
This result holds also for various charged black hole solution with asymptotically flat
spacetime [21]
In this section we compute the effect of space noncomutativity to the entropy of a d =
4−dimensional Schwarzschild black hole described by the Cardy-Verlinde formula (26).
The energy Eq.(6) and Casimir energy Eq.(25) now will be modified as
E =
rH
G
=
r0
G
[1 +
P 2θ2 − (~P .~θ)2
64M2
]1/2 ≃ E0[1 + P
2θ2 − (~P .~θ)2
128M2
] (27)
Ec = 3E − 2TBHS = 3E0[1 + P
2θ2 − (~P .~θ)2
128M2
]− 2T0S0[1− P
2θ2 − (~P .~θ)2
64M2
]
[1 +
P 2θ2 − (~P .~θ)2
64M2
] = EC0 + 3E0
P 2θ2 − (~P .~θ)2
128M2
. (28)
We substitute expressions (27) and (28) which where computed to second order in θ
in the Cardy-Verlinde formula in order that space noncommutativity corrections to be
considered
SCFT = πrH
√
2EcE = πr0
√
2Ec0E0(1 +
P 2θ2 − (~P .~θ)2
128M2
[1 +
1
2
(1 +
3E0
EC0
)])
= S0CFT (1 +
P 2θ2 − (~P .~θ)2
128M2
[1 +
1
2
(1 +
3E0
EC0
)]). (29)
4 Conclusion
In this paper we have examined the effects of the space non-commutativity in the gener-
alized Cardy-Verlinde formula. The event horizon of the black hole undergoes corrections
from the non-commutativity of space as Eq.(19). Since the non-commutativity parameter
is so small in comparsion with the length scales of the system, one can consider the non-
commutative effect as perturbations of the commutative counterpart[24]. Then we have
obtained the corrections to the temperature and entropy as Eqs.(20, 22). Because the
Schwarzschild black holes are non rotating, to the first order of perturbative calculations,
there is no any effect on the properties of black hole due to the non-commutativity of
space. Then we have obtained the corrections to the entropy of a dual conformal field
theory live on flat space as Eq.(29).
It is necessary to mention that, our result in the present paper is valid for a specific choice
of spacetime non-commutativity which is defined by Eqs.(8, 10). To see a more general
kind of spacetime non-commutativity refer to[27, 28, 29], in these papers, the principle
of Lie algebra stability of the Poincare-Heisenberg algebra leads to a more general kind
of spacetime non-commutativity . In those modifications, the commutators of spacetime
coordinates is given by the generators of rotations and boosts.
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